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long-timescale atomic-resolution evolution of 
interfacial structure, tied to macroscopic properties 

PNAS  104  
(2007) 3031 
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very unlikely to happen in 1s 

Ω1 Ω2 

large Ω2 
small thermal  
uncertainty 

small Ω1 
large thermal uncertainty 

Stress-driven activated process 

Larger Ω means 
the activation is 

more “collective”, 
less thermal  

uncertainty &  
the process 

more “athermal”. 

point defect diffusion: ~0.02-1b3    forest dislocation cutting: ~103b3 

MRS Bulletin 32 (2007) 151 
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Free-end nudged elastic 
band (FENEB) method 

connecting to unstable final 
state to probe driven, 

thermally activated processes: 

last node 
constrained  

to move  
only along  

energy  
contour 

minimum energy path of homogeneous 
dislocation nucleation in Cu 

[e
V

] 

PNAS 104 (2007) 3031 

i 

× 



“Liquid-like pseudoelasticity of 
sub-10-nm crystalline silver 

particles”, Nature Materials 13 
(2014) 1007 

Nanogap in Au after leaving the sample 
for 4 months at room temperature.  

Strachan et al, Nano Letters 6 (2006) 441 

Au 

Ag 

Room-temperature Diffusive 
deformation of nanoscale objects  



“Liquid-like pseudoelasticity of 
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particles”, Nature Materials 13 
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Nanogap in Au after leaving the sample 
for 4 months at room temperature.  
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Au 

Ag 

Room-temperature Diffusive 
deformation of nanoscale objects  

Diffusive vs Displacive 



Direct MD 
simulations 
at 108/s  

How well does Transition State Theory (TST) work? 

TST prediction 

TST prediction 



Autonomous PES Explorations  
by Hyperdynamics / Metadynamics 

VVVb Δ+=

A. F. Voter, Phys. Rev. Lett. 78  (1997) 3908  

• Add a positive boost potential around 
basin A 

At all the dividing surface, ΔV=0 

TkV Bett /
MDPhys

ΔΔ=Δ

Speed-up 
factor 

Time evolution : 

Potential Energy Surface 

How we design an effective and robust boost-potential?  

• Must satisfy hyperdynamics requirement.	



Geometry-based Hyperdynamics: Boost potential 
depends on local atomic geometry 	

• Bond-boost method Miron & Fichthorn, J. Chem. Phys. 119 (2003) 6210  

eq eq( ) /i ir r rε ≡ −

volume	Ω

inelastic transformation of 
continuum ellipsoid Eshelby inclusion 

σij 

•  Eshelby Transformation 

Activation 
volume Ω

ρ(Ω)

point 
defect 

processes 

transformation strain ηij 

0.1-1b3 

forest 
dislocation 

looping 

102-103b3 

dislocation 
-interface 

interactions 

5-20b3 

Hara & Li, Phys. Rev. B 82 (2010) 184114 



Least-Square Atomic Strain	

atomis)c	process	

cutoff	rc  

small rc  (small Ω)	
σij 

iJ

rc chosen to match the (experimentally known) activation volume spectral range 

20min
i

i

ji i ji
j N∈

−∑J
d J d

Hara & Li, Phys. Rev. B 82 (2010) 184114 



Surface dislocation nucleation 

[001] 
[010] 

[100] 

Cu	nano-pillar	compression	

Boost	atoms	

• 	Mishin	poten)al	

• 	1	million	simula)on	steps	(maximum)	

• 	14000	atoms	

• 	Applied	stress	(σ:	1.75-2.50	GPa)	

• 	Temperature	(T:	100-450	K	)	

Partial dislocation 
nucleation from corner 

T	=	180			[K]	
σ =	1.75	[GPa]	
tPhys	=	70		[sec]	



Adaptive Strain-Boost Potential 

Mises
Mises
max

( )( )
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VV A
N

δ η
ηΔ = ∑ Mises

iη : atomic shear strain Mises invariant 

aN : the number of boost atoms 

when  
Mises
max cqη >0=A

Mises Mises
max max{ }iη η=

 qc  should be large as possible to gain a maximum efficiency 

Shutdown Function dividing surface 

boundary surface 
of boost potential 

 qc  should be small enough to satisfy the hyperdynamics requirement 

Hara & Li, Phys. Rev. B 82 (2010) 184114 



Acceleration (Boost) Factor 

bBTk
V )exp(Δ

Boost	factor	

Strain-boost speed-up: 
11 orders of magnitude 
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Ability to track dynamics over 
time scale of seconds. 

Strain-boost is more suitable for 
exploring the collective stress-
driven process.	



Arrhenius plot 
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Pre-factor  →  Activation Entropy 

M : the number of equivalent nucleation sites 
νM:  initial curvature of MEP 

( , ) ( , ) ( , )G H T ST T TΔ = Δ − Δ σσ σ

Activation 
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Activation 
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Stress-dependent Activation Entropy 
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B) Hyperdynamics

MNruleMeyer-Neldel rule 
Iso-kinetic law 

MN

(( ) )HS
T

Δ
Δ

≈
σσ

TMN = 625 K  (best fitting) 

Half of bulk melting point (1320 K):  
around surface premelting temperature 

Hara & Li, Phys. Rev. B 82 (2010) 184114 
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What if Many Many Many Barriers ? 

Trillions of barriers 
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•  DMD thermodynamics formulated as a density functional 
theory.  Atomic realization of regular solution model, w/ 
gradient thermodynamics, long-range elastic & short-range 
coordination interactions 

•  Pair, triplet, … correlations ignored.   Cluster expansion 
calculation should give more accurate  FDMD({Xi,αi,ci})   

•  DMD kinetics “solves Cahn-Hilliard equation on a moving 
atom grid”,  with atomic spatial resolution, but at 
diffusive timescales.   Time-Dependent DFT 

•  Another view: DMD guides atom creation and             
atom annihilation operators in MD or VG simulations by 
chemical potential gradient 

Li et al, Phys. Rev. B 84 (2011) 054103;    Sarkar et al., Phys. Rev. B 86 (2012) 014115 
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Diffusive MD: Basic Idea 

Ferris wheel seen with long  
camera exposure time 

Variational Gaussian Method 
 
 
Lesar, Najafabadi, Srolovitz,  
Phys. Rev. Lett. 63 (1989) 624. 

DMD 
 
 

ci: occupation probability 
(vacancy, solutes) 

 
Define µi for each atomic site, 

to drive diffusion 

Phase-Field Crystal:  Elder, Grant, et al. 
 Phys. Rev. Lett. 88 (2002) 245701 

Phys. Rev. E 70 (2004) 051605  
Phys. Rev. B 75 (2007) 064107  

 

basis:  planewave → Gaussian 

{Xi, αi}, i=1..N 

{Xi, αi, ci}, i=1..N 



Advantage of a continuous site-probability  
representation at atomic resolution 

( ) ( )/ 22 2 2
V( , ) exp /

d
c X b X bτ τ π τ

−
⎡ ⎤Δ =Ω − Δ⎣ ⎦Vacancy concentration: 

Probability Wave of  Vacancy Random Walker  
 
 

Representing long-range mass 
transport by vacancy random walk 
with MD, hyper-MD or kinetic 
Monte Carlo could require trillions 
of vacancy hops – impractical and 
unnecessary 
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“particle creation” and “particle annihilation” 
operators in atomistic simulations 
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Gibbs-Bogoliubov Free Energy Bound:      
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Variational Gaussian:  reference to Einstein crystals  
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true free energy 

VG free energy 
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Variational Gaussian compared with  
Frenkel-Ladd Monte Carlo 

Lesar, Najafabadi, Srolovitz,  
Phys. Rev. Lett. 63 (1989) 624. 
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Embedded atom potential: 

LeSar, Najafabadi and Srolovitz, “Thermodynamics of solid and liquid embedded-atom-method metals:        
A variational study,” J. Chem. Phys. 94 (1991) 5090.       Foiles & Adams, Phys. Rev. B 40 (1989) 5909. 

Variational Gaussian  

Foiles-Adams Monte Carlo 



26 



27 

 
Li et al., Phys. Rev. B 84 (2011) 054103 

Displacement 
Correlation Effect 

Similar in spirit to electronic DFT, where Kohn-Sham orbitals are of 
fictitious reference electronic system without electron-electron interactions, 
but giving the same single-e density as the real interacting-electrons system. 



DMD thermodynamics 
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DMD Timestepping  

Li et al, Phys. Rev. B 84 (2011) 054103 

•  Step 1:  Fix {ci}, minimize FDMD({Xi, αi, ci}) with 
respect to {Xi, αi} instantaneously  (mechanical, 
thermal equilibria much faster than chemical 
equilibrium by diffusive “mass action”) 

•  Step 2: At optimized {Xi, αi}, compute {µi}: drive 
mass exchange : update {ci} by master equation 

Because displacive and thermalization updates are 
“instantaneous”, timestep limited only by chemical 
diffusivity. 



30 

The chemical potential for each atomic site is easily derived:

µi ≡
∂FDMD({X i ,αi ,ci})

∂ci
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DMD kinetics 

nearest-neighbor network 
Li et al, Phys. Rev. B 84 (2011) 054103 

Calibrate Qm against experimental diffusivity 

µi 

µj 
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log(D) 

Atomic Environment-Dependent Diffusivity 

Atomic  
coordination  

number 

12 
(perfect crystal) 

9 
(surface) 

10,11 
(dislocation core) 

experimental or  
first-principles  

diffusivities 

“CALPHAD” style 
kinetics database for 

atoms 
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Small particle 
on surface 

Li et al, Phys. Rev. B 
84 (2011) 054103 
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Larger 
particle 

on surface 

Li et al, Phys. Rev. B 
84 (2011) 054103 
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Sintering 
 

Particle rotation  
 

plastic 
deformation 

 
rapid neck formation  

 
breakup of long thin 

pore into pore droplets 
 

grains coarsening 
 
 

Li et al, Phys. Rev. 
B 84 (2011) 054103 
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Climb of Edge Dislocation in FCC metals 
Figure taken from: Cherns, Hirsch, Saka, “Mechanism of climb of dissociated dislocations,”  Proc. R. Soc. Lond. A 371 (1980) 213 

Thomson & Balluffi (J. Appl. Phys. 33 (1962) 803) double jog  
on an extended edge dislocation: 



Mass-action coordinate 
(non-conservative) 

Stroh path: (1)  
Glissile constriction  

of two partials 

Stroh path: (2) 
Aggregation 

of vacancies on 
constricted jogs  

Initial 
configuration 

Final climbed 
configuration 

Thomson-Balluffi  
path: (1)  

Diffusive aggregation 
of a prismatic loop  
on a single partial 

3-vacancy on 
on a single partial 

(introduced 
manually: 

Grand-potential  
barrier = 0.83eV) 

Monotonically downhill path 
Grilhé et al. found: 

Glissile dissociation of   
prismatic loop 

102 to 103  
vacancies 

(Grilhé et al.) 

Displacive coordinate 
(conservative) Sarkar et al, Phys. Rev. B 86 (2012) 014115 
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Sarkar et al, Phys. 
Rev. B 86 (2012) 
014115 



40 Sarkar et al, Phys. Rev. B 86 (2012) 014115 

Nudged Elastic Band 
calculation of free-
energy barrier in 
extended {Xi, αi, ci} 
space in grand-
canonical ensemble 
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Nano-indentation at slower indentation rate and 
small contact radius (higher temperature) 

Surface 
Diffusional 

Creep: 
 

Surface terrace 
formed by 

surface 
vacancy 

accretion 

Purely diffusive 
accommodation 

of slow 
indentation 

displacement 
rate 



Homogeneous 
dislocation 
nucleation 

Surface-step 
aided hetero 
dislocation 
nucleation 

Slower rate 
Faster rate 

Surface diffusional creep 
creating surface steps  

Li et al, Phys. Rev. B 84 (2011) 054103 
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Purely diffusive  Onset of hybrid displacive-
diffusional 

Sanket Sarkar et al, to be submitted 



Dontsova, Rottler, Sinclair, Phys. Rev. B  90 (2014) 174102 

D7 (Al7Mg) 
intermetallic 
compound: 
True surprise! 



Example: Dislocation Glide in FeH

46!

•  19920	sites	(2340	Fe	+	17580	H)	
•  H	sites	c=10-6	
•  Fe	sites	c=1	

0.0! 2.0e-6!
Hydrogen	
Concentration	
Distribution	

Sina Moeni, MIT 



DMD analysis model for precipitation around 
dislocation core�

p  Conditions 
ü  20448 atoms 
ü  Temperature : 1000 K 
ü  Back concentration of Al：3,5,10at% 
ü  Vacancy concentration：0.001 at% 
ü  Interatomic interaction：EAM 

Introduce edge dislocation dipole�

[111] �

[1​1 0] �
[​1 ​1 2] �

Ni-Al binary system�

Ni--Al EAM potential from  
Y. Mishin, “Atomistic modeling of the γ and γ’-phases of the Ni--Al system,” Acta Mater. 52 (2004) 1451- 

Shuhei Shinzato, Shigenobu Ogata, 
Osaka University 



Time evolution of composition distribution around 
dislocation core�

p  Ni-3at%Al�

Al segregates tensile region around 
edge dislocation�

​𝑡 =0.0�

​𝑡 =82.7�

​𝑡 =8.5×​10↑5  �

A
l�

1.7at%�

4.2at%� Al concentration distribution�



Time evolution of Al color in Ni-3%Al alloy�

Stacking fault size increases by Al segregation�

Color of Al� Central symmetry parameter�



Time evolution of composition distribution around 
dislocation core�

Al ordering precipitates ware nucleated 
at dislocation core and grow up to 
tensile region 

​𝑡 =0.0	

​𝑡 =5.4×​10↑4 	

​𝑡 =8.4×​10↑5 	

A
l	

0.0at%	

53.5at%	 Al concentration distribution	

p  Ni-5at%Al	



Projection DMD result to MD configuration�

Substitute Ni atom to Al atom being consistent with back concentration in DMD 
simulation	

10 different configurations are generated in each concentration	

⋯	

The substitute sites are stochastically selected based on site occupation probability 
obtained from DMD simulation	



Estimation of Peierls stress as a function of Al 
composition�

•  Shear load applied on top and bottom 3 
atomic layers	 Peierls stress increases with increasing Al 

composition	

p  Peierls stress as a function of Al 
composition	

p  Peierls stress estimation model	

•  Peierls stress is determined as the 
lowest stress at which dislocation starts 
to move	



a Problem is discovered…. 



Time evolution of composition distribution around 
dislocation core�

Once Al aggregates around dislocation, 
ordered precipitate rapidly become 
bigger, 
and bigger, and bigger… 

​𝑡 =0.0	

​𝑡 =2.0	

​𝑡 =16.0	

A
l	

0.0at%	

100at%	 Al concentration distribution	

p  Ni-10at%Al	



Free energy as a function of composition(1)�

Red line: 
 Free energy at each composition of Al 
calculated by DMD	

Red cross: 
 Energy of ordering ​𝛾↑′  phase 
(25%Al,L12 structure)	
Gray line: 
 tangent through red cross	

Black point: 
 contact point between tangent and FE curve	

Calculate 𝑔(𝑥), 𝑥=#Al/(#Ni+#Al), for fcc Ni-Al and bcc Ni-Al	

Set ​𝑐↓Al =𝑥 at all sites	

p  fcc Ni-Al (864 atoms)	

Calculate free energy of each system 
from ​𝑐↓Al =0 to ​𝑐↓Al =1	



Free energy as a function of composition(2)�

Free energy of L12 structure	 Contact point of tangent	
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T=1300K Given (supercell Al fraction):
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Al 
Ni 

3 V 

Site lattice with different occupants 
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Al 
Ni 

3 V 

Site lattice with different occupants 
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LDA → GGA 

0.1κ =
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T=1300K 
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•  DMD thermodynamics formulated as a density functional 
theory.  Atomic realization of regular solution model, w/ 
gradient thermodynamics, long-range elastic & short-range 
coordination interactions 

•  Pair, triplet, … correlations ignored.   Cluster expansion 
calculation should give more accurate  FDMD({Xi,αi,ci})   

•  DMD kinetics “solves Cahn-Hilliard equation on a moving 
atom grid”,  with atomic spatial resolution, but at 
diffusive timescales.   Time-Dependent DFT 

•  Another view: DMD guides atom creation and             
atom annihilation operators in MD or VG simulations by 
chemical potential gradient 

Li et al, Phys. Rev. B 84 (2011) 054103;    Sarkar et al., Phys. Rev. B 86 (2012) 014115 



•  Explores mass-action, coupled diffusive-displacive 
mechanisms  (Wang & Li,  Acta Mater. 58 (2010) 1212) cheaply 

•  Code order-N,   95% similar as MD                         

•  Uses EAM potentials: Most accurate, efficient as T®0 

•  No need to pre-build event catalog.                      
competitive in speed against kinetic Monte Carlo  

•  Correlation effect by adding one atomistic gradient 
coefficient, that greatly improves phase diagram. 

•  The “quasi-continuum” version of DMD can be coupled to 
well-established diffusion - microelasticity equation solvers 
such as finite-element or phase-field method 

Li et al, Phys. Rev. B 84 (2011) 054103;    Sarkar et al., Phys. Rev. B 86 (2012) 014115 
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Adaptive grid down to the atom - Quasicontinuum DMD? 

image taken from Knap and Ortiz, Phys. Rev. Lett. 90 (2003) 226102.  

DMD 
region? 

continuum 
diffusion-
elasticity 

(phase field) 
 equation solver  
with adaptive 

meshing 



MIT	Atomistic	Parallel	Package	(MAPP)	

hSp://Li.mit.edu/mapp	

•  Open-source	MD	/	Diffusive	MD	code	
•  WriSen	in	C++	/	MPI	
•  up	to	30%	faster	than	LAMMPS	on	100	processors	for	
metallic	poten)als.		

•  New	paralleliza)on	
schemes	for	faster	
data	transfer	
between	
processors	

•  New	minimiza)on	
algorithm	(L-BFGS)	
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Riding on coattail of Fall MRS  
 

A small workshop on 
 

December 2 (Saturday) 2017 
 

at MIT  
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Take one beam out of this construction scaffold, what will happen?    
Answer:   Nothing… 

For simplicity, assume Ω - ΩV
f = 0 
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Remove a brick inside this rubble, what will happen?  
This is the case with grain boundaries, liquids, and metallic glasses, which do 

not preserve sites.  
Crystal lattice tends to preserve sites – a most important distinction 
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Gas diffusion:  lots of free volume 
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1 
2 
3 V 

Diffusion in crystal:  free volume localized as vacancy 
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Liquid diffusion:  less free volume  
 and shared between atom clusters 
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Absorption-Desorption-Transmission 
kinetics for interfacial dislocation  

density ρint evolution: 

Jbulk1 
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ρint 
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sensitivity m 
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1.  The variables should really be tensors to denote dislocation types, here we use 
scalar for simplicity. 

2.  Jbulk(τ)’s are boundary conditions for dislocation-density aware bulk crystal 
plasticity models (e.g. Arsenlis, Parks, Becker, Bulatov, JMPS 52 (2004) 1213). 
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*  extracted from measured hardness  as .
3
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atomistic calculation can provide strain-rate sensitivity information, at 
experimentally realistic strain rate of ~10-4/s. 

PNAS 104 (2007) 3031 
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Self-learning ΔV(r) → Metadynamics: Ishii, Ogata, Kimizuka & Li, 
“Adaptive-boost molecular dynamics simulation of carbon diffusion in 

iron,” Phys. Rev. B 85 (2012) 064303 
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Gaussian smearing  
not necessarily the best approach 

Density Field Estimator 
Eapen, Li & Yip, 

“Statistical Field Estimators for Multiscale 
Simulations,” 

Phys. Rev. E 72 (2005) 056712. 

Maximum-entropy density estimator 

Phys. Rev. B 85 (2012) 064303 



Energy Landscape Topology:  Glass Viscosity 

Markov Network Model                        
of Connected Minima 

PLoS ONE 6 (2011) e17909 

0
B

) Viscosity = d t t
k T

τ σ σ τ
∞Ω

( ( + )∫Green-Kubo



Comparison of viscosity calculations for SiO2 and BLJ with experimental data on SiO2 
(circles) and fragile glass formers (O-terphenil, propanol, propylene carbonate, etc.)  
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Disconnectivity graphs mapped out by Autonomous Basin Climbing 

J. Chem. Phys. 131 (2009) 164505 

Fragile glass former Strong glass former 



88 

Inventing “Wheels” on Energy Landscape  



89 

Inventing “Wheels” on Energy Landscape  
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How do you know your glass ageing kinetics with Lennard-Jones 
potential is unlike this trek? 



91 

How do you know your glass ageing kinetics with Lennard-Jones 
potential is unlike this trek? 
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We need freaking wheels, of various sizes 
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What is a wheel in 1-dimensional energy landscape? 

x 

U 
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What is a wheel in 3N-dimensional energy landscape? 
It is a 3N-sphere, and when stable it is contacting 3N+1 support points 

on energy landscape U 

x3N 
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For glass ageing, I want to release a large 3N-sphere on 
energy landscape 
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Then I don’t care too much the exact pavement pattern 
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The 3N-sphere has mass M, radius R, some support points {xsupport
3N+1}, 

center location X3N+1, velocity V3N+1, moment of inertia J3N+1 

x3N 

U 
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I want to implement a literal dynamical equation of motion  
for this 3N-ball… 

with efficient numerical computation 
 

with rubber tire… damping (car suspension)… 
The rubber literally need to hit the “ground” (landscape) 

 
Quite Literal 
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The key is quick contact points estimation... that is we need to estimate 
which part of the hypersphere is likely to make "landfall" with a new 

support point on the energy landscape.   The hyperspace "soccer ball" is 
following rigid-body motion with angular momentum and some 

damping. 
 

Suppose we have 1000 particles, so the hyperspace soccer ball will need 
to track 3001 support points, each having 3000 coordinates, so the 

memory requirement is 3001x3000=10^7 which is tolerable.  Of course, 
we can have a wheel instead of ball that emphasizes fewer "reaction 
coordinate" and maybe fewer contact points, but this wheel probably 

need to "turn" after running for a while.  For simplicity, let us just release 
a ball first.  

 
The algorithm also need to choose a “gravitational constant” g that 

equals ∆U ∝ g∆z.  This potential energy – real spatial distance 
conversion, and the collectivity of the swarm of points, seem to be the 

key features of this approach.   


